We give a simple proof for the ε-closeness of any region of large curvature of solution of three dimensional Ricci flow to a subset of an ancient κ-solution which was originally obtained by G. Perelman in his famous paper [14] on Ricci flow. We also give a detail proof of a result of [14] on the backward curvature estimates for the solutions of Ricci flow on closed three dimensional manifold when the volume of some ball at some fixed time is bounded below. 
Introduction
Recently there is a lot of studies on Ricci flow of manifolds [6] , [7] , [8] , [11] , [12] , [13] , [14] , [15] , because it is a powerful tool in the study of the geometry of manifolds. We refer the readers to the book [5] by B. Chow, P. Lu and L. Ni for the basics of Ricci flow and the papers [8] , [14] , [15] , for some recent results on Ricci flow.
It is known that when the metric of a manifold evolves by the Ricci flow singularities may develop. That is the curvature may go to infinity in finite time. In order to understand the Ricci flow it is important to understand the behaviour of the solutions of Ricci flow near the singular time. By means of a blow-up argument (cf. [5] ) near the singular time the study of the singularities of Ricci flow is equivalent to the study of ancient κ-solution of Ricci flow.
In [14] G. Perelman proved that any region of large curvature of the solution of Ricci flow on three dimensional manifolds is after a rescaling ε-close to some subset of an ancient κ-solution. However his proof uses a blow-up argument and Alexandrov space theory (cf. [1] , [2] ) which is hard to understand. In this paper we will use a modification of the argument of B. Kleiner and J. Lott [12] to give a simple proof of the above result without using Alexandrov space theory.
In [14] G. Perelman also gave a sketch of proof of the backward curvature estimates for the solutions of Ricci flow on three dimensional manifold (Theorem 12.3 of [14] ) under a lower bound condition on the volume of a ball at a fixed time. Later a more detailed proof based on the sketch of proof of [14] is given by B. Kleiner and J. Lott [12] and H.D. Cao and X.P. Zhu [3] . However their proofs has a gap in the argument. In this paper we will fill in this gap and use a modification of the technique of G. Perelman [14] and B. Kleiner and J. Lott [12] to give a detail proof of this theorem.
The plan of the paper is as follows. In section one we will generalize some results of section 11 of [14] . In section two we will prove the ε-closeness of region of large curvature of three dimensional Ricci flow to subset of ancient κ-solution. We will also give a complete proof to the backward curvature estimates for the solutions of Ricci flow on closed three dimensional manifold (cf. Theorem 12.3 of [14] ).
We start with a definition. We say that a n-dimensional Riemannian manifold (M, g(t)) has a metric g(t) that evolves by the Ricci flow in (0, T ) if
in M × (0, T ). We say that a solution (M, g(t)) to the Ricci flow in
is the geodesic ball with center and radius r with respect to the metric g(t) and Vol t (A) is the volume of a set A ⊂ M with respect to the metric g(t). We say that (M,
is κ-noncollapsing on the scale σ in M × (0, T ) for any σ > 0. Let d t (x, y) = dist t (x, y) = dist g(t) (x, y) and dV t be the distance between two points x and y and the volume element in M with respect to the metric g(t). For any a > 0, r > 0, let V a (r) be the volume of a ball of radius r in a space form of constant sectional curvature a.
For any Ricci flow (M, g(t)) and x 0 ∈ M, let
r n be the asymptotic volume ratio of (M, g(t)). As observed by R. Hamilton [8] ν(M, g(t)) is independent of the point x 0 . We say that (M, g(t)) is an ancient solution of Ricci flow if it satisfies (0.1) on M ×(−∞, 0]. We say that (M, g(t)) is an ancient κ-solution (cf. [14] , [12] ) if (M, g(t)) is an ancient solution of Ricci flow, g(t) is κ-noncollapsing on all scales in M ×(−∞, 0], and satisfies the following two conditions:
is a complete non-flat metric with nonnegative curvature operator for any t ≤ 0 and the scalar curvature is positive everywhere.
(ii) The curvature |Rm| is uniformly bounded on M × [t 0 , 0] for any t 0 < 0.
We say that two n-dimensional Ricci flow (M 1 , g 1 ) and (
where
Some compactness and boundedness results
In this section we will generalize some results of section 11 of [14] . We first observe that by an argument similar to the proof of Theorem 11.7 of [14] the following result holds. Theorem 1.1. (cf. Theorem 11.7 of [14] ) The family of ancient κ-solution with scalar curvature approximately equal to one at some point is compact. That is given any sequence
and R ∞ (x, t) are the scalar curvatures with respect to the metrics g k (t) and g ∞ (t) respectively. Lemma 1.2. For any ε > 0 there exists a constant A > 0 with the following property.
for some constant c k > 0 and satisfies
and
where Rm k (·, t) and R k (·, t) is the curvature operator and scalar curvature of M k with respect to the metric g k (t) and
Proof: We will use a modification of the proof of Corollary 11.5 of [14] (cf. proof of Corollary 11.2 of [16] ) to prove the lemma. Suppose the lemma is false. Then there
is compactly contained in M k for some r k > 0, and satisfies (1.1), (1.2), (1.3), (1.4) and
, be the curvature operator and scalar curvature with respect to the metric g k (t). Then by (1.1) and (
By (1.5) and the Bishop volume comparison theorem,
Since by (1.4), lim
where ω n is the volume of an unit ball in R n , by (1.7) there exists a constant k 0 ∈ Z + such that g k (0) has a uniform lower bound for the injectivity radius at x k for all k ≥ k 0 . By (1.3), (1.4), (1.6), and the Hamilton compactness Theorem [9] , the sequence (M k , g k , (x k , 0)) has a subsequence which we may assume without loss of generality to be the sequence itself that converges to some pointed ancient solution of Ricci flow (M ∞ , g ∞ , (x ∞ , 0)) with R ∞ (x ∞ , 0) = 1 and the scalar curvature is uniformly bounded above by 2 where R ∞ (x, t) is the the scalar curvature with respect to the metric g ∞ (t). By (1.7) and (1.8),
is an ancient κ-solution with κ = εω n . By Proposition 11.4 of [14] the asymptotic scalar curvature ratio ν of (M ∞ , g ∞ ) is zero. On the other hand by (1.9) ν ≥ εω n . Thus contradiction arises. Hence no such ε > 0 exists and the lemma follows.
(1.10)
instead of (1.10), then
Proof: A proof of this result is given in [3] (Theorem 6.3.3 of [3] ). For the sake of completeness we will sketch a different proof here. We first observe that by an argument similar to the proof of (i) of Corollary 11.6 in [14] (cf. Corollary 45.1 of [12] and Corollary 11.3 of [16] ) but with Lemma 1.2 replacing Corollary 11.5 of [14] in the argument there (i) of the theorem follows.
We will now use a modification of the proof of (ii) of Corollary 11.6 in [14] to prove (ii). Suppose (M, g) satisfies the hypothesis in (ii). Without loss of generality we may assume that r 0 = 1. Let
Then by (i) there exist constants B 1 = B(wr
If τ = t 0 , we are done and (ii) holds. Suppose 0 < τ < t 0 . Then by continunity
(1.14)
By (1.11), (1.13) and [8] , there exists a constant C 2 > 0 depending only on the dimension n such that
We now choose τ 0 ∈ (0, 1) such that
We claim that τ > τ 0 . Suppose the claim is false. Then τ ≤ τ 0 . Now by (1.11),
Then by (1.16) and the Bishop volume comparison theorem,
This contradicts (1.14). Hence τ ≥ τ 0 and (ii) follows.
ε-closeness and curvature estimates
In this section we will give a simple proof of the ε-closeness of region of large curvature of three dimensional Ricci flow to subset of ancient κ-solution. We will also give a complete proof of backward curvature estimates for the solutions of Ricci flow on closed three dimensional manifold (Theorem 12.3 of [14] ). We first recall a definition of G. Perelman [14] . Let φ : R → (0, ∞) be a smooth decreasing function tending to zero at infinity. A solution (M, g) of Ricci flow on [0, T ] is said to have φ-almost nonnegative curvature (cf. [14] and Appendix B of [12] ) if for any x ∈ M, 0 ≤ t ≤ T ,
Note our definition of φ-almost nonnegative curvature is slightly different from that of [14] but this is the form that is actually used by G. Perelman in the proofs in section 12 of [14] . As observed by R. Hamilton [10] this condition is satisfied by three dimensional Ricci flow with sectional curvature uniformly bounded below by −1 at the initial time t = 0 (cf. [12] ). is complete for any 0 ≤ t ≤ T and the sectional curvature of (M, g(t)) is uniformly bounded on [0, T ] and is κ-noncollapsing on the scale σ. Then for any point x 0 ∈ M and
after rescaling by the factor Q, ε-close to a subset of some ancient κ-solution.
Proof: We will use a modification of the argument of [12] and [14] to prove the theorem without using Alexandrov space theory. Suppose the theorem is false. Then there exist constants ε > 0,
, with φ-almost nonnegative curvature, such that g k (t) is complete for any 0 ≤ t ≤ T k and the sectional curvature of (M k , g(t)) is uniformly bounded on [0, T k ] and is κ-noncollapsing on the scale σ, and a sequence of points ( (·, t) is the scalar curvature of M k with respect to the metric g k (t).
We now divide the proof into three steps.
Step
is not ε k -close to any subset of any ancient κ-solution. By the point picking argument on P.92 of [12] and P.32-33 of [14] the following two claims hold.
−1 ≤ t ≤ t k } after rescaling by the factor Q k is not ε k -close to any subset of any ancient κ-solution. However for any 
and let R k (·, t) be the scalar curvature of M k with respect to the metric g k (t). Then 
Step 2: For any ρ > 0, let
and ρ 0 = sup{ρ > 0 : M(ρ) < ∞}. By Claim 3 ρ 0 > 0. We claim that ρ 0 = ∞. Suppose the claim is not true. Then there exists a subsequence of (M k , g k ) which we may assume without loss of generality to be the sequence itself and a sequence of points
by Claim 3 there exist constants c 1 > 0, c 2 > 0, and c 3 > 0 depending on ρ 1 such that
By Shi's derivative estimates [17] all derivatives of R k are uniformly bounded on any compact subset of
k σ, by the Hamilton compactness theorem [9] , (B e g k (0) (x k , ρ 1 ), g k , (x k , 0)) converges smoothly to some pointed Ricci flow (B e g∞(0) ( 0) ) has a subsequence which we may assume without loss of generality to be the sequence itself that converges to the pointed manifold (B e g∞(0) (x ∞ , ρ 0 ), g ∞ (0), (x ∞ , 0)) of nonnegative curvature as k → ∞.
Let γ k be a minimal geodesic in B e g k (0) (x k , ρ 0 ) joining x k and y k with respect to the metric g k (0). Since R k (x k , 0) = 1, there exists a point
and let R k (x, t) be the scalar curvature with respect to the metric g k (t). Then
is ε k -close to a subset of some ancient κ-solution. Since ε k → 0 as k → ∞, by Theorem 1.1 there exists a subsequence of (M k , g k ) which we may assume without loss generality to be the sequence itself such that (B g k (0) (z k , ε 0) ) converges uniformly on compact subsets to some pointed Ricci flow (M ∞ , g ∞ , (z ∞ , 0)) on (−∞, 0] as k → ∞. As before since (M k , g k ) has φ-almost nonnegative curvature and 0) ) has nonnegative curvature.
Hence for any a > 0 there exist a positive integer k a > 0 and a constant C a > 0 such that a < ε
We now choose a = 4ρ 0 . Then by (2.1),
Hence contradiction arises. Thus ρ 0 = ∞. Then as before by the Hamilton compactness theorem [9] and a diagonalization argument the sequence ( 0) ) of nonnegative curvature as k → ∞. By the same argument as the last paragraph of the proof of Theorem 11.7 of [14] (M ∞ , g ∞ (0), (x ∞ , 0)) has bounded curvature. Then by Claim 3 and an argument as before there exists a con-
Step 3: We now let
) has a subsequence that converges smoothly to some pointed Ricci flow with bounded curvature on [−t
By a diagonalization argument (M k , g k , (x k , 0)) has a subsequence which we may assume without loss of generality to be the sequence itself that converges smoothly to a pointed Ricci flow
As before since (M k , g k ) has φ-almost nonnegative curvature and Q k → ∞ as k → ∞, (M ∞ , g ∞ , (x ∞ , 0)) has nonnegative curvature on (−t ′ , 0]. Let Rm ∞ (x, t) and R ∞ (·, t) be the Riemannian curvature and scalar curvature of M ∞ with respect to the metric g ∞ (t). Then
We choose a sequence of points
Without loss of generality we may assume that
) and letR k (x, t) be the scalar curvature with respect to the metricĝ k (t). Then
is ε k -close to a subset of some ancient κ-solution for any k ∈ Z + . Since ε k → 0 as k → ∞, by Theorem 1.1 and an argument similar to the proof of Step 2 there exists a subsequence of (M k ,ĝ k ) which we may assume without loss generality to be the sequence itself such that (M k ,ĝ k , (z k , 0)) converges uniformly on compact subsets to some pointed ancient solution of Ricci flow
. By (2.4) and Shi's derivative estimates [17] all the derivatives are uniformly bounded on compact subsets of for some (x 0 , t 0 ) ∈ M × (0, T ), t 0 ≥ 4τ r 2 0 , and 0 < r 0 < ρ, with Rm(x, t 0 ) ≥ −r
(2.8)
Proof: A sketch of proof of this theorem is given in [14] and a more detail proof of the theorem is given in [12] and [3] . However the proof in [14] , [12] , and [3] have some gaps in their argument. We will give a complete proof of the theorem using a modification of the argument of [14] and [12] .
Without loss of generality we may assume that w < ω 3 /2 where ω 3 is the volume of the unit ball in the Euclidean space R 3 . Let τ 0 (w), B(w), and C(w) be as in Theorem 1.3. Let τ = τ (w) = τ 0 (w)/2 and K = K(w) = C(w) + 2B(w)/τ 0 (w). Let (M, g) be a closed three dimensional Ricci flow on [0, T ) with (x 0 , t 0 ) ∈ M × [4τ r 2 0 , T ) and constant r 0 ∈ (0, ρ) satisfying the assumptions of the theorem where ρ > 0 is some constant to be determined later.
Suppose (x 0 , t 0 ) and r 0 does not satisfy the conclusion of the theorem. Similar to the proof of Theorem 54.2 of [12] by adjusting the point (x 0 , t 0 ) and replacing r 0 by a smaller positive constant if necessary we may assume without loss of generality that the following property holds. [12] without loss of generality we will also assume that Rm(x, t 0 ) > −r
by (ii) of Theorem 1.3 the conclusion of the theorem follows. However this contradicts the choice of the point (x 0 , t 0 ) and r 0 . Hence
0 . By (ii) of Theorem 1.3 there exists a constant w 1 > 0 such that (1.12) holds with n = 3 for any t ′ ≤ t ≤ t 0 . By (1.12) and the Bishop volume comparison theorem,
By (2.9) and Lemma 54.1 of [12] there exists a ball
Then r ′ ≤ r 0 /2. Hence by property (P),
Since (M, g) has φ-almost nonnegative curvature, by (2.11)
By (2.11) and (2.12) (cf. Appendix B of [12] ),
Hence |Rm(x, t)| ≤ 2(1 + T )K/r ′2 ∀x ∈ B t (x ′ , r ′ /4), t ′ − τ r ′2 ≤ t ≤ t ′ . (2.13) By (2.13) and [8] there exists a constant C 1 > 0 such that
where β = min( τ /2, e −C 1 τ α) and α = min(1/4, 1/ 6(1 + T )K). Since (M, g) has φ-almost nonnegative curvature, by (2.21),
Rm(x, t) ≥ −(1 + T )K 1 r ′−2 φ((1 + T )K 1 r ′−2 ) (2. ∀x ∈ B t (x 0 , 9r 0 ),
This contradicts the maximality of the choice of τ ′ . Hence no such point (x 0 , t 0 ) and constant r 0 exists and the theorem follows.
